Abstract: A second solution of the q-di erence equation of the Hahn-Exton q-Bessel function, corresponding to the classical Y (x), is found. We introduce a q-extension of the Wronskian to determine that the two solutions form a fundamental set.
Introduction
In mathematics very much attention is paid to the subject of di erential equations. However, the theory of q-extensions of di erential equations has not yet been developed to a great extent. This can partially be explained by the fact that one is not very familiar with q-theory and the fact that basic di erential equations do not occur frequently in physics.
But the most important fact is probably the close relationship with di erence equations instead of di erential equations. q-Di erential (or q-di erence) equations may even properly be regarded as a part of the eld of di erence equations. Results on di erence equations may sometimes be transformed into results on q-di erence equations and vice versa. However each subject has his own speci c problems and it would therefore be desirable if a book on basic di erence equations would be available.
It is by no means our aim to give in this paper such a general theory of q-di erence equations. We will restrict ourselves to the necessary theory in order to give q-extensions of the solutions and their mutual relations of the Bessel di erential equation. We will obtain a solution, which is a q-extension of the classical Y (x). In order to determine if two solutions form a fundamental system, we will derive a q-extension of the Wronskian. To our best knowledge, this q-Wronskian has not been stated elsewhere, although it is closely related to Casorati's determinant (see for example 7] ). So it seems natural to give some general results on the q-Wronskian rst, before we will discuss the Hahn-Exton q-Bessel di erence equation.
The q-Wronskian
In this section and everywhere else in this paper we will assume that q satis es the condition 0 < q < 1. All functions are de ned on (0; 1).
A special place in the theory of q-di erence equations take the so called q-periodic functions. A q-periodic function is the solution of the rst order q-di erence equation D q f(x) = 0; x > 0;
where the q-di erence operator D q is de ned by
Solutions of (1) thus has the property that f(qx) = f(x) for all x > 0. It is obvious that the constant function is a solution of (1) . Another example of a q-periodic function is f(x) = sin ( log x) with log q = 2 ; which has an awfull singularity at x = 0.
In the next section, where we will consider solutions of a q-Bessel di erence equation, the class of solutions has a special form. We shall now show that the only q-periodic functions in that class of functions are the constant functions. Let denote a q-periodic function. We consider three cases: a n x n ; x > 0; with a 0 6 = 0. Then if 0 the limit lim x#0 (x) exists, so we are in case 1) and (x) is a constant. If < 0 we consider the function h(x) = x ? (x). We have lim x#0 h(x) = a 0 6 = 0.
On the other hand we have h(q n x) = x ? q ?n (q n x) = q ?n x ? (x) = q ?n h(x). Hence the limit n ! 1 yields a 0 = 0 h(x) = 0 which is a contradiction. So a q-periodic function can not be of the form x 1 P n=0 a n x n , with a 0 6 = 0; < 0.
3) Suppose has the form (x) = x log x 1 X n=0 a n x n ; x > 0; with a 0 6 = 0. Then if > 0 the limit lim x#0 (x) = 0 exists so we are in case 1) and (x) is a constant. If 0 we consider the function h(x) = x ? (x) ? a 0 log x. Then lim x#0 h(x) = 0. On the other hand h(q n x) = q ?n x ? (x) ? a 0 log x ? a 0 n log q. The limit n ! 1 now shows that a 0 = 0, which is a contradiction. So a q-periodic function can not be of the form x log x 1 P n=0 a n x n , with 0; a 0 6 = 0.
So as long as we work in the class of functions of the form x 1 P n=0 a n x n or x log x 1 P n=0 a n x n , the only q-periodic functions are constant functions. Proof. An easy consequence of the de nition (2) is the q-analogue of the product rule for di erentiation
Let y denote a solution of (3). Put y(x) = y 0 (x) (x). Then using ( A
We assume that A(x) and B(x) have no positive zeros.
If f 1 and f 2 are two solutions of (5) and if 1 and 2 are q-periodic functions, then it is obvious that f(x) = 1 (x)f 1 (x) + 2 (x)f 2 (x) is a solution of (5). Two solutions f 1 and f 2 of (5) are called a fundamental system of solutions of (5) if every solution f of (5) can be written as f = 1 f 1 + 2 f 2 , where 1 and 2 are q-periodic functions.
To determine if two solutions of the linear q-di erence equation (5) form a fundamental system, we introduce a q-analogue of the Wronskian.
De nition. If f 1 and f 2 are two solutions of the linear q-di erence equation (5), we de ne the q-Wronskian by
It is easy to see that if q " 1 the q-Wronskian tends to the ordinary Wronskian
dx : (9) Remark 1. When we apply the de nition of the q-di erence operator (2) to the q-Wronskian, (8) can be rewritten in the form
Remark 2. By writing out the de nition it is easy to see that the q-Wronskian has the
and
Theorem 2 (q-Analogue of Abel's theorem). Let f 1 and f 2 be solutions of the q-di erence equation (5) and let the q-Wronskian be de ned by (8) , then it satis es the linear rst order q-di erence equation
Proof. By the q-product rule (4) and by (8) we have
A theorem concerning the relation between the q-Wronskian and a fundamental system is as follows.
Theorem 3. Let f 1 and f 2 be solutions of the q-di erence equation (5) and let the q-Wronskian be de ned by (8) . Then every solution f of (5) can be written as f(x) = 1 (x)f 1 (x) + 2 (x)f 2 (x), with 1 and 2 q-periodic functions, if and only if the q-Wronskian W q (f 1 (x); f 2 (x)) 6 = 0 for all x > 0. Proof. All functions are de ned on the open interval (0; 1). We consider for xed x the set G(x) = fq n x j n 2 Zg. On this set q-periodic functions are constants. A solution f of (6) and hence of (5) 
For n 2 Z we de ne
If 6 2 Z it is easy to show with relation (22) and the identity ?(
The limit (24) however is more complicated, but it exists as we will show below.
Observe that for 6 
Now we will calculate the limit (24), which in particular implies that it exists. Because of relation (25) it is su cient to consider Y n (x; q) for n 0. To simplify the notations we introduce the function F de ned by F( ) = (q ; q) 1
Then for n = 0; 1; 2; : : :
(27) and F 0 (?n) = (1 ? q ?n ) (1 ? q ?1 )(? log q)(q; q) 1 = (?1) n+1 q ? 1 2 n(n+1) (q; q) n (q; q) 1 log q:
Substituting this function F in de nition (23) Observe that the fourth and sixth sum can start at k = n since F(?n+k +1) = 0 if k < n. 
Remark. If we replace x by x(1?q)=2 in (35) and take the limit q " 1 we see that the last term disappears and that the remaining three terms become the classical Y n (x) (see 10]).
We will now derive the q 1 2 -Wronskian of J (x; q) and Y (x; q). With the properties (11) and (12) we nd with the q x :
This obviously also holds for = n 2 Z. a n x n or x log x 1 P n=0 a n x n , then every solution of (17) can be written as c 1 J (x; q) + c 2 Y (x; q), where c 1 and c 2 are constants.
